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1. Cauchy’s (rigidity) theorem

2. Cauchy’s proof and edge graphs

3. An open problem on continuous flattening of polyhedra

4. Rigidity of edges and faces

5. Higher dimensional polyhedra

6. Some applications

Topics of the talk
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Any two convex 3-dimensional polyhedra

with pairwise congruent faces are themselves congruent.

Cauchy’s Theorem (1813)  

convex non-convex

Chie Nara 
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A sketch of Cauchy’s proof 

By contradiction, suppose that 

there are two convex polyhedra P, P’ satisfying the following;

1) their surfaces are combinatorially equivalent,

2) their corresponding faces are congruent to each other, and 

3) P and P’ are not congruent.

Draw the edge graph of P’ whose each edge is  labelled  

by the plus (+) or minus (-) signs 

if the dihedral angle is increased or decreased, respectively.

Lead a contradiction！

Chie Nara 
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Take a connected component of the subgraph 

consisting of all of the edges with labels, and denote it by G. 

He proved the following:

1) When we go around each vertex, 

(The number of  “sign-change” in edges adjacent to the vertex) ≥ 𝟒.

(v is the order of G. ) 

Since the total numbers are equal, 

1) and 2) yield the following contradiction:

2) When we go around the sides of each face,

(The total number of “sign-change”) ≤ 𝟒𝒗 − 𝟖,

Possible                              Impossible

4𝑣 ≤ 4𝑣 − 8.

Chie Nara 
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Cauchy’s Rigidity Theorem

The surface of a convex polyhedron cannot be 

continuously transformed to any non-congruent 

polyhedron if all the faces are rigid.

A convex polyhedron cannot be deformed so that its faces remain rigid.

Any two convex 3-dimensional polyhedra

with pairwise congruent faces are themselves congruent.

Cauchy’s Theorem has been proved.

convex non-convex

Chie Nara 
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Without the hypothesis of convexity, 

does the statement of Cauchy’s theorem still hold?

Connelly’s counterexample (1977)

There is a flexing non-convex polyhedron. 

The Steffen flexible polyhedron has only 13 triangular faces. 

Flexible polyhedron - Wikipedia

The bellows conjecture  (1970’s)

The volume of a flexible polyhedron is invariant under flexing.

Sabitov’s volume preserving theorem (1995)

The volume of a flexible polyhedron is invariant under flexing.

Chie Nara 

https://en.wikipedia.org/wiki/Flexible_polyhedron
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= folding by creases into a multilayered planar shape  

flat folding of a polyhedron

（E. Demaine, M. Demaine and A. Lubiw, 2001）

Can we flatten the surface of a polyhedron with non-rigid faces

without tearing nor stretching

if it can be always folded by creases like a piece of paper?

A continuous flattening problem of polyhedra

Chie Nara 

How about continuous processes to reach the flat-folded states?
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Sabitov’s volume preserving theorem says 

“The volume of a polyhedron with rigid faces is invariant under flexing.” 

The shapes of some faces should be continuously changed by 

creases under flattening.

The volume of a polyhedron decreases to zero under flattening. 

Find moving creases!

Chie Nara 

We call such creases moving creases.
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Regular J. Itoh, C. N. 2010 ① rhombus

Convex J. Itoh, C. N., C. VIlcu 2011 ② cut locus/A.

Pyramid C.N.                                  2014 ① kite

Convex Abel, E. Demaine, M. Demaine, Itoh, Lubiw,

C. N., O’Rourke              2014 ③ straight-skeleton g.

and orderly sq. 

Orthogonal E. Demaine, M. Demaine, Itoh, C. N.  2016 ①

α-trapezoidal K. Matsubara, C. N.  2017     ①
Polyhedron Abel, Demaine, Demaine, Ku,     ① countably infinite

Lynch, Itoh, C. N.           2021 number of creases                                                                             

Known (main) results

^ 

① is useful for applications: The region of moving creases is small.

Types Authors Year Methods

Chie Nara 
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Distances of two pairs of  diagonal vertices are 

adjustable by folding.

b

a

c

h q d

c

a

b
d

h

q

b

a

c

h q d

Kite property: Folding of a kite with rigid edges

C. N. 2014, J. Itoh-C. N. 2010

Chie Nara 
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Chie Nara 

Folded Kite C.N. 2010

By Jun Mitani

J. Itoh – C.N.,2010,  J. Geometry, 2019

Examples of flattening

Dotted line segments are moving creases.

Two faces of a tetrahedron or an octahedron are rigid.
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（1） Pushing-in all the side faces

（3） Pushing-out all the side faces 

（2） Pushing-in or pushing-out 

Flat folding of a cube (rectangular box)

By (2), the area of the region for moving creases is 

much smaller than by (1) or (3).

Chie Nara 

Compare the regions for moving creases!
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Ichiro Hagiwara - C. N.: Patent # 2018-079957

Joint work with I. Hagiwara, Y. Yang, and X. Chen

A foldable box with thick panels

Chie Nara 
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Fully

fixed

F=10N

F=10N

The structural model of the box: 18 parts,

The total number of elements: 34488

The total number of points: 12268

The bottom part of the box is fully fixed 

A simulation model and its result

A model 300×400×20 with thickness10 mm. 

The height of removed triangles is 25 mm.

Chie Nara 
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Chie Nara 
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New idea: Hinge-supporter

Hinge-supporters work not only for hinges 

but also supporting the box with stability.

For commercial products, we need more work for stability;  

e. g., we can sit on the box when it is developed (unfolded).

Chie Nara 



19

Cardboards are a little flexible. 

Commercial products by Sinei Ltd. 

Ichiro Hagiwara - C. N., Patent 特開2017-110315, 特願2015-245594 

Another application: Foldable helmets (Safety hats) 

“A confront for the strongest hat”, NHK Studio 2016 Feb.-Mar.

Should be fit in the box 

with 

20cm×30cm×5cm

Chie Nara 
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The structure of the cover of the hat

How about moving creases?

Shaded parts are for moving 

creases and very small!

How about the folding process?

Cardboard is a little bit flexible. 

Chie Nara 
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Miura-folding is useful and beautiful!

We can completely unfolded it by pulling along the diagonal line. 

Applied to solar panels in space, some maps, etc.

Koryo Mura-Structural Forms in Space, 1990

Other flat-folding patterns

With Dr. Miura, Dec. 2018

Why don’t we often see its applications in our daily life? 

Chie Nara 
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By Mari-jo Ruiz

The crease pattern is simple, but the mountain- valley 

assignments for creases are not simple.

The process of making a Miura-folding is not so simple!

It may require special techniques for producing products.

We must fold a paper 

along not straight line segments. 

Chie Nara 
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1. A zig-zag folding of a rectangular paper.

2. Put staples on each corner.

3. Unfold or develop it.

The simple process fits industrial requirements. 

The cover of our hat can be made by a simple folding process! 

アウトリーチ防災用帽子 -秦永ダンボール
｜水に強く燃えないダンボール (d-

sinei.com)

Chie Nara 

https://www.d-sinei.com/products/outreach-hat/
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How much area is needed 

for continuous flattening of polyhedra? 

The region of the moving creases is a triangle 

with base one and height 

（√３－√２）/4=0.0794…

The surface of any rectangular box or a regular tetrahedron 

can be continuously flat-folded

so that the area of the region for moving creases is infinitesimally small. 

(K. Matsubara - C. N., 2017) 

Chie Nara 
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A sketch for the idea of slicing

Chie Nara 

The shaded parts show the regions for moving creases 

in the front face.
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How many edges can be rigid under flattening?

5 edges out of six are rigid. 

Conjecture. There is no convex polyhedron with the rigid edges, 

whose surface can be continuously flattened. 

(K. Matsubara - C. N., 2021)

Is the number 5 best possible?

Chie Nara 
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The number 5 is best possible for the case of a regular tetrahedron 

Notice that the edge graph of a regular tetrahedron is 

a complete graph of order 4.

Let the surface of a  regular tetrahedron be folded 

into a multilayered flat-folded state. 

Why?

Consider the geometric edge graph of the flat-folded state.

To maximize the number of rigid edges, all vertices are divided 

into three positions. 

Chie Nara 

For simplicity, let suppose the edge length is one.
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If the vertex D is on the same position as B, 

the edges AD and CD are rigid, but the edge BD is folded.

If D is on the open arc BC, only AD is rigid and     

the edges BD and DC are folded (not rigid). 

Therefore, the number 5 is best possible for continuous flattening 

of a regular tetrahedron.

For any vertex A, the vertices adjacent to A by rigid edges are on 

the circle of radius one with the center A.  

Chie Nara 
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Remark. A cubical frame consisting of the rigid edges and 

only two faces parallel to each other, can be continuously 

flat-folded by rotating and pushing down the one face 

toward the other face as shown below. 

The motion of the face is similar to the one for the octahedron.

However,  the cubical surface with the rigid edges and 

all the (possibly flexible) faces cannot be continuously flattened 

by the above motion.

Because, the distance of the vertices a and b exceeds the original one 

and we cannot stretch it by the definition of  continuous flattening. 

So, this model is not a counterexample of the conjecture. 

Chie Nara 
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Extend to the n-dimensional regular polytopes

Example1. The 2-skeleton of a 4-dimensional hypercube is composed

of 16 vertices, 32 edges, and 24 square faces. 

Let P be a regular polytope and 

Q be the set of two dimensional faces (2-skeleton). 

Example 2. The 2-skeleton of a 4-dimensional simplex is composed of 

5 vertices, 10 edges, and 10 triangular faces. 

Chie Nara 

Problem. Can we flatten the 2-skeleton of a regular polytope 

without tearing nor stretching,

if it can be always folded by creases like a piece of paper ?
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How many edges (or faces) can be rigid in continuous 

flattening  of the 2-skeleton of a regular n-simplex? 

A regular tetrahedron in 3-space has 4 vertices 
4
2

= 6 edges

4
3

= 4 triangular faces

A regular simplex in n-space has

n +1 vertices 
𝑛 + 1
2

= 
𝑛+1 𝑛

2
edges

𝑛 + 1
3

=
𝑛+1 𝑛(𝑛−1)

6
triangular faces

Chie Nara 
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More precisely, how many edges are rigid?

To maximize the number of rigid edges, all vertices are divided 

into three parts. 

By considering a flat folded state, the same argument as 3-simplex 

(tetrahedron) can be applied.

Chie Nara 
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The 2-skeleton of an n-dimensional simplex can be continuously 

flat folded on its any triangular face. 

(J. Itoh - C.N., J. Geometry, 2019)

More precisely, 

3𝑚2, 𝑚2 + 2𝑚(𝑚 + 1), or 2𝑚 𝑚 + 1 + (𝑚 + 1)2 edges are rigid

and 𝑚3, 𝑚2(𝑚 + 1), or 𝑚(𝑚 + 1)2 triangular faces are rigid

according to n+1 =3m,  3m+1, or 3m+2, respectively, 

where m is an integer.

In the processes, about 2/3 edges are rigid and

bout 2/9 faces are rigid.

Are the numbers above best possible?

Theorem

Chie Nara 
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Yes! 

The complete 3-partite graph has the maximum number of edges

when the vertex set is evenly divided into three parts.

m

mm

m

mm+1

m

m+1 m+1

When n+1 =3m, the edge number is
3𝑚(3𝑚−1)

2
,

and the number of triangular faces is 
3𝑚(3𝑚−1)(3𝑚−2)

6
.

Hence, in the processes, about 2/3 edges are rigid and

bout 2/9 faces are rigid.

Chie Nara 
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4nFor any

Known (main) results for regular polytopes

Replace a pair of parallel triangular faces of an octahedron 

to regular tetrahedra in 4-dimensional space.

Draw edges between two vertices with the same distance 

as the edge length of tetrahedra. Then we get a cross-polytope. 

Hypercubes : J. Itoh - C.N., Continuous Flattening of the 2-skeleton of the 

square faces in a hypercube. Graphs and Combinatorics, 36 (2020), no. 2, 331-338.

Simplexes and Cross-polytopes: J. Itoh - C. N, Continuous Flattening of the

2-Skeletons in Regular Simplexes and Cross-Polytopes, J. Geometry 110 (2019), Paper No. 47 12pp.

Chie Nara 
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The rest of regular polytopes are only in 4-dimensional space. 

The 24-cell, the 120-cell, and the 600-cell.

The 120-cell and 600-cell are still unsolved.

J. Itoh - C. N., Continuous Flattening of the 2-Skeleton of a regular 24-cell, 

J. Geometry 112 (2021), no. 1, Paper No. 13, 15pp.

The case of the 24-cell was solved.

Chie Nara 

A regular 24-cell is realized in 4-space 

with coordinate-system (x, y, z, w) 

so that for each vertex two coordinates 

are 1 or – 1 and others 0.
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The vertex set consists of 24 vertices:  

12 vertices of two octahedra in the hyperplane {w=1} and {w= -1}, 

and 12 vertices of a cuboctahedron in the hyperplane {w=0}.

The face set consists of 96 triangular faces. 
The edge set consists of 96 edges joining two vertices of distance 2.

The facet set consists of 24 octahedral facets.

The regular 24-cell is only one self-dual regular polytope 

except simplexes.

A 3-dimensional 

projection

Octabug obtained from 

the cuboctahedron

Chie Nara 

Q*
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Theorem

The 2-skeleton of a 24-cell can be continuously folded 

on any of its octahedral facets.  

Moreover, the 2-skeleton can be continuously flat folded 

on any of its triangular faces F so that 

54 of the 96 edges are rigid,  

other edges are folded into halves, 

and that six faces parallel to F are rigid.

Chie Nara 

We do not know whether the numbers are best possible or not.
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Main ideas

Q* 24 edges 24 edges

T

translatetranslate

{w=1}{w=-1} {w=0} {0<w<1}{-1<w<0}

36 faces36 faces

Chie Nara 
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Transformation of Octabug

Two triangular faces are attached to each vertex.

OCTAbug (THE BUG GROUP 1991)

Chie Nara 
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TQ* 

Continuous flattening motion of the regular 24-cell 

Chie Nara 
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Thank you very much for your attention!

Summary

Graph theory is very useful to analyze and describe geometrical facts

in the continuous flattening problem.

The regular 120-cell and 600-cell are investigated in many ways, 

but it is still an open problem to find continuous processes to flatten 

their 2-skeletons. It may require to discover suitable figures 

by Graph theory.

Chie Nara 


